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Abstract

Andrijevic and his collaborators studied the various aspects of closure and interior operators in
general topological spaces and obtained several relations among them. Researchers in general
topology studied such operators in bitopological settings. Andrijevic established that the result
aclA=Aucl(int(clA)) holds for any subset A of a topological space where aclA, clA and intA
denote the a-closure of A, closure of A and interior of A respectively. He also established the
analog results for other operators in terms of the closure and interior operators in general

topological spaces. In this paper we discuss the analog results in bitopological settings.
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Introduction

The study of bitopological spaces was first initiated by Kelly in 1963. A large number of papers
have been done to generalize the topological concepts to bitopological setting. The closure and
interior operators are the two important concepts in the study of general topological structures.
These two operators are widely used in computer science applications especially in Rough set
theory and in Fuzzy set theory. More over the closure and interior operators are very close to the
upper and lower approximations in rough set theory respectively. The existence of two topologies
on a non empty set X provides information about the set X in two different methods. The
bitopological spaces have applications in data mining using rough sets. This article dealt with the
closure and interior operators in bitopological settings. Andrijevic studied the relations among the
operators’ in general topological spaces. Maheshwari and Prasad [5], Jelic [3], Khedr et al. [4] and
Sampath Kumar [6] studied the operator’s namely semi-closure, pre-closure, semi-pre-closure and
a—closure in bitopological settings. Andrijevic established the result aclA= AuUcl(int(clA)) for any
subset A of a topological space (X, T) where clA and intA denotes the closure of A and interior of
A respectively in (X, T ). He also established the similar results for other operators. In this paper we
extend these results to bitopological spaces. In section 2 we recall the definitions of ij-operators in
bitopological spaces and we study the relations among them in section 3. The symbol [ indicates

the end of the proof. We use the notation cl int clA for cl(int(clA)).

Preliminaries

Throughout the paper the ordered triplet (X, T1, T2 ) is a bitopological space where 11 and 12 are
topologies on X. Let A and B be subsets of the bitopological space (X, 1, T2 ).
The notations j-clA and j-intA denote the closure of A and interior of A with respect to the topology

Tj respectively. X\A denotes the complement of A in X. The following definitions will be useful.

Definition 2.1. A is called

(i) ij-semi-open [5] in (X, T1, T2 ) if there exists a Ti-open set U with UC A C j-clU.
(ii) ij-pre-open [3] in (X, T1, T2 ) if there exists a Ti-open set U with AC UC j-clA.
(iii) ij-semi-pre-open or ij-B-open [4] in (X, T1, T2 ) if there exists an ij-pre-open set U
in (X, 1, T2 ) with UCAC j-clU that is if AC j-cl(i-int(j-clA)).
(iv) ij-a-open [3], [6] in (X, T1, T2 ) if AC i-inf(j-cl(i-intA)).
The complement of an ij-semi-open set is ij-semi-closed. The ij-pre-closed sets, ij-semi-pre-

closed sets and ij-0-closed sets will be analogously defined.
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Maheshwari and Prasad [5] established the following theorem.

Theorem 2.2. The following results hold in a bitopological space.

(i) The union of an arbitrarily collection of ij-semi-open sets is ij-semi-open;

(ii) The intersection of two ij-semi-open sets is not ij-semi-open;

(iif) The intersection of an arbitrarily collection of ij-semi-closed sets is ij-semi-closed and
(iv) The union of two ij-semi-closed sets is not ij-semi-closed.

Jelic [3], Khedr et al. [4] and Sampath Kumar[6] respectively characterized ij-pre-open sets, ij-
semi-pre-open sets and ij-a-open sets. The intersection of all ij-semi-closed sub sets of (X, T1, T2 )
containing a subset A of X is the ij-semi-closure of A, denoted by ij-sclA. The union of all ij-semi-
open sets contained in A is called the ij-semi-interior of A, denoted by ij-sintA. The ij-pre-closure, ij-
semi-pre-closure, ij-0-closure, ij-pre-interior, ij-semi-pre-interior and ij-o-interior will be
analogously defined respectively denoted by ij-pclA, ij-spclA, ij-aclA, ij-pintA, ij-spintA and ij-

aintA.

Propetrties

Andrijevic [2] established the following results for any subset A of a general topological spaces.

(i) sclA=AU int clA.
(if) sintA=AN clintA.
(iii) aclA= AU cl int cl A.
(iv) aintA=AN int cl intA.

We extend the above results to bitopological spaces.

Proposition 3.1. For any subset A of (X, T1, T2), A M j-cl(i-intA) is ij-semi-open and A U j-int(i-clA)

is ij-semi-closed.

Proof. j-cl(i-int{A M j-cl(i-intA))) = j-cl( i-intA M i-int(j-cl(i-intA))).
= j-cl(i-intA).
Aj-cl(i-intA) = A A j=cli-int(A A j-cl(i-intA))
C j-clli-int(A O j-cl(i-intA))).
A N j-cl(i-intA) is ij-semi-open.
This implies that X\(A U j-inHi-clA)) = (X\A) N j-cl(i-inl( X\A)) is ij-semi-open. This proves that A U

j-int(i-clA) is ij-semi-closed. O
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Proposition 3.2. Let A be a subset of (X, T1, T2). Then ij-sintA = A M j-cl(i-intA).
Proof. Let B = ij-sintA = the union of all ij-semi-open sets contained in A. B is ij-semi-open and B
c A. Since B is ij-semi-open, B < j-cl(i-intB) < j-cl(i-intA). This implies that B < A M j-cl(i-intA). Now
using Proposition 3.1, A M j-cl(i-intA) is ij-semi-open.
Since A M j-cl(i-intA) < A, by the definition of ij-sintA, A M j-cl(i-intA) < B and that shows ij-sintA =
A N j-cl(i-intA).
Proposition 3.3. Let A be a subset of (X, T1, T2). Then ij-sclA = A U j-int{i-clA).
Proof. ij-sclA = intersection of all ij-semi-closed sets of X containing A

= X\ ij-sint{(X\A) ,

= X\ ((X\A) N j-cl(i-int(X\A)), using Proposition 3.2

X\ (( X\A) N (X \ j-int{i-clA))
= AU j-int(i-clA). 0

Proposition 3.4. i-int(j-cl(i-intA)) < ji-scl(ij-sintA).

Proof. ji-scl(ij-sintA) = ji-scl(A M j-cl(i- intA)), using Proposition 3.2
= (A M j-cl(i-intA)) U i-int (j-cl(A M j-cl(i-intA))), using Proposition 3.3
D (A M i-int{j-cl(i-intA))) U i-int(j-cl(i-intA M j-cl(i- intA)))
= (A M i-int(j-cl(i-intA))) U i-int(j-cl(i-intA))
= i-inf(j-cl (i-intA)).

Lemma 3.5. For any sub set A of (X, 11, T2), A M i-int(j-cl(i-intA)) is ij-0i-open and A U i-cl(j-int(i-

clA)) is ij-o-closed.

Proof. i-int(j-cl(i-int(A M i-int(j-cl(i-intA))))) = i-int(j-cl(i-intA M i-int(j-cl(i-intA))))
= i-int(j-cl(i-intA)). This implies that
A N i-int(j-cl(i-int A)) = A M i-int(j-cl(i-int(A M i-int{j-cl(i-intA)))))
C i-int{j-cl(i-inl{A M i-int(j-cl(i-intA)))))
A N i-int(j-cl(i-intA))is ij-o.-open. This implies
X\(A U i-cl(j-int(i-clA))) = (X\A) M i-int(j-cl(i-int{X\A)))
= ij-o-open that further implies
A U i-cl(j-int{i-clA)) is ij-o-closed. U
Proposition 3.6. ij-cintA = A M i-int(j-cl(i-intA)).
Proof. Let B = ij-cintA = the union of all ij-a-open sets contained in A.
Clearly B is ij-o-open and B < A. Since B is ij-a-open,

B < i-int(j-cl(i-intB)) < i-int(j-cl(i-intA)). This proves that
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B < A M i-int(j-cl(i-intA)). Now using Lemma 3.5,
A N i-inf(j-cl(i-intA)) is ij-a-open. By the definition of ij-aintA,
A N i-int(j-cl(i-intA)) < B. Then it follows that B = A M i-int(j-cl(i-intA)).

Therefore ij-aintA = A M i-int(j-cl(i-intA)). 0

Proposition 3.7. ij-aclA = A U i-cl(j-int(i-clA)).

Proof. ij-aclA = intersection of all ij-a-closed sub sets of X containing A
= X\ ij-aini{X\A),
= X \((X\A) N i-int{j-cl(i-int(X\A)))), using Proposition 3.6
= X \({ X\A) A (X\i-cl(j-int(i-cl A))))
= A U i-cl(j-int(i-clA)). 0

Andrijevic[2] also established that aint(aclA) = int clA and
acl(aintA) = ¢l intA in unital topological spaces. However the corresponding results in

bitopological spaces do not hold as shown below.

Proposition 3.8. ij-aint{ji-arclA) o i-int(j-clA).

Proof. Using Proposition 3.6 and Proposition 3.7 we get
ij-aint(ji-aclA) = ij-aint{A U j-cl(i-int(j-clA)))
= (A U j-cl(i-int(j-clA))) M i-int(j-cl(i-int(A U j-cl(i-int(j-cl A)))))
D (A U j-cl(i-int(j-clA))) M i-int(j-cl(i-intA U i-int(j-cl(i-int(j-clA))))
= (A U j-cl(i-in(j-clA))) M i-int(j-cl(i-intA U i-int(j-clA)))
= (A U j-cl(i-int(j-clA))) M i-int(j-cl(i-int{j-clA)))
= (A U j-cl(i-int(j-clA))) M i-int(j-clA)
= (A M i-int(j-clA)) U (j-cl(i-int(j-clA)) M i-int(j-clA))
= (A N i-int(j-clA)) U i-int(j-clA)
= i-int(j-clA). 0

Proposition 3.9. ij-acl(ji- aintA) < i-cl(j-intA).

Proof. X\ij- acl(ji-cintA) = ij-cint(X\(ji-aintA)),

ij- cintlji-ccl(X\A)),
D i-inf(j-cl(X\A)), by Proposition 3.8
X\ i-cl(j-intA)
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This proves that ij- acl(ji- aintA) < i-cl(j-intA). 0
Proposition 3.10. ji-acl(ij-aint(ji-cclA)) o j-cl(i-int(j-clA)).
Proof. ji-acl(ij- cint(ji- aclA)) o ji-acl(i-int(j-clA)), by Proposition 3.8
= (i-int(j-clA)) U j-cl(i-int(j-cl(i-int(j-cIA)))), using Proposition 3.7
= i-int(j-clA) U j-cl(i-int(j-clA))
= j-cl(i-int (j-clA)). O
Proposition 3.11. ij-cint(ji- acl(ij- aintA)) < i-int{j-cl(i-intA)).
Proof. ij- cint(ji- acl(ij- aintA)) < ij-cint(j-cl(i-intA)), using Proposition 3.9

= (j-cl(i-intA)) M i-int(j-cl(i-int(j-cl(i-intA))))

j-cl(i-intA) M i-int(j-cl(i-intA))

i-int(j-cl(i-intA)). 0

It is observed that A M i-int(j-clA) is not ij-pre-open as shown below.

Example 3.12. Let X = Z, the set of all integers. Let 11 = {J, {0, 2}, Z }and 12 be the digital
topology[7]. Let A ={0, 1}. 2-clA ={0, 1, 2} and 1-int(2-clA) = {0, 2}.

Let B = A N 1-inH{2-clA) = {0, 1}{0, 2} = {0}. Since 1-int(2-cIB) = 1-int{0} = J, B is not 12-pre-
open. As A M i-int(j-clA) is not ij-pre-open, the result ij-pintA = A M i-int(j-clA)

does not hold.

However the following proposition holds.

Proposition 3.13. ij-pintA < A M i-int(j-clA).

Proof. Let B = ij-pintA = the union of all ij-pre-open sets contained in A
B is ij-pre-open and B < A. Since B is ij-pre-open, B C i-int{j-cIB) < i-int{j-clA). This proves that
B < A M i-int(j-clA). 0

Proposition 3.14. ij-pclA D A U i-cl(j- intA).

Proof.
ij-pclA = X\ ij-pint(X\A),

2 X\((X\A) M i-int(j-cl((X\A)), using Proposition 3.13

= X\((X\A) N (X\i=cl{j-intA))

= A U i-cl(j-intA). O
Proposition 3.15. If A is ij-semi-open then A M i-int(j-clA) is ij-pre-open.
Proof. i-int(j-cl(A M i-int{j-clA))) D i-int(j-cl(i-intA M i-int(j-clA)))

= j-int(j-cl(i-intA)).

Since A is ij-semi-open, j-clA = j-cl(i-intA) so that
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i-int(j-clA) = i-int(j-cl(i-intA)). Therefore
A N i-int(j-clA) = A N i-int(j-cl(i-intA)) < i-int(j-cl(i-intA))
C i-int{j-cl(A M i-int(j-clA))).
A N i-int(j-clA) is ij-pre-open. g

Corollary 3.16. If A is ij-semi-closed then A U i-cl(j-intA) is ij-pre-closed.

Proof. Suppose A is ij-semi-closed. Then X\A is ij-semi-open. Therefore, using
Proposition 3.15, (X\A) M i-int(j-cl(X\A)) is ij-pre-open that implies
X\(A U i-cl(j-intA)) is ij-pre-open. This proves that A U i-cl(j-intA) is ij-pre-closed. g

It is observed that A M j-cl(i-int(j-clA)) is not ij-semi-pre-open as shown below.

Example 3.17. Let X = Z, the set of all integers. Let 11 = {J, {0, 2}, Z}and 712 be the digital
topology[7]. Let A = {1, 2}. 2-clA = {0, 1, 2} and 2-cl(1-inf(2-cIA)) = 2-c{0, 2} = {0, 2}. Let B = A
A 2-cl(1-int (2-cIA)) = {1, 2} ~ {0, 2} = {2}.

Since 2-cl(1-int(2-cIB)) = 2-cl(1-int{2}) = 2-clJ = &, B is not 12-semi-pre-open.

Proposition 3.18. ij-spintA < A M j-cl(i-int(j-clA)).
Proof. Let B = ij-spintA
= the union of all ij-semi-pre-open sets of X contained in A.
B is ij-semi-pre-open and B < A. Since B is ij-semi-pre-open,
B < j-cl(i-int(j-cIB)) < j-cl(i-int{j-clA)). 0
Proposition 3.19. ij-spclA 2D A U j-int{i-cl(j-intA)).
Proof. ij-spclA = X\ij-spint(X\A),
2 X\ ((X\A) M j-cl(i-int(j-cI(X\A)))), using Proposition 3.18
= X\ ((X\A) N (X\ j-int{i-cl(j-intA)))
= A U j-int{i-cl(j-intA)). 0
Proposition 3.20. If Ais ji-semi-closed then A M j-cl(i-inf(j-clA)) is ij-semi-pre-open.
Proof . Let B = A M j-cl(i-int(j-clA)).
j-cl(i-int(j-cIB)) D j-cl(i-int(j-cl(i-intA M j-cl(i-int(j-clA))))
= j-cl(i-int(j-cl(i-intA)))
= j-cl(i-intA)). (*)
Since Ais ji-semi-closed, i-intA = i-int(j-clA) so that
j-cl(i-intA)) = j-cl(i-int(j-clA)). Therefore B = A M j-cl (i-int(j-clA))
= A N (j-cl(i-intA)) < j-cl(i-intA)
C j=cl (i-int(j-cIB)) by (¥)

This proves that A M j-cl(i-int(j-clA)) = B is ij -semi-pre-open. g
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Corollary 3.21. If Ais ji-semi-open then A U j-int{i-cl(j-intA)) is ij-semi-pre-closed.

Proof. Suppose A is ji-semi-open. Then X\A is ji-semi-closed.
So, using Proposition 3.20, (X\A) M j-cl (i-int(j-cl(X\A))) is ij-semi-pre-open that implies X\ (A U j-
int(i-cl(j-intA))) is ij-semi-pre-open.

This proves that A U j-int (i-cl(j-int A)) is ij-semi-pre-closed.
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