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Abstract

Traditionally, the values of Riemann zeta function at the even positive integers have been

formulated in terms of Bernoulli numbers B, and the sums of the alternating series of odd

powers of the reciprocal of odd positive integers have been calculated in terms of Euler

numbers E, . However, the present author reproduced the sum of the same series using
different procedures in terms of two rational numbers &, and b, . In this paper, the relationships
between B, &a and E, &b have been established. Consequently, some of the theorems and

corollaries in [5] have been restated in terms of B, and E, .
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1. Introduction

When the present author worked on the paper [5] in 2010, he was not aware of the

works that have produced similar results in terms Bernoulli and Euler numbers earlier [3, 4]. One
of the friends of the author first told him about existence of such works in terms of B, , & E,, and
suggested him to find the possible connections between B, &a,and E,, &b . When investigated
further, author found some other people did similar works in the recent years [8, 9, 10]. However,
the approach of [5] was different from others. In section 2, the connection between B, & a, has
been established and in order to do it, the formula for calculating the values of Riemann zeta
function at the positive even integers in terms of Bernoulli’'s numbers B, has been derived. For

finding the connection between E, & b ,the derivation of computing the sum of alternating series

of odd powers of the reciprocals of odd positive integers in terms of the Euler’s numbers E,  has

been shown in section 3. Acknowledgement and the References are provided respectively in

section 4 and 5.

2. Relation Between B, and a,

Derivation of

n+1 (272.)2n

cen=

B,,, N1 where B, are the Bernoulli’s numbers.

The Riemann zeta function £ [2] is defined by the formula

¢(s)=

I(-s) {0° o e

271 e -1 x’
where T1(S) = Ie’xxsdx (s>-1) and for real values of S greater than one, £'(S)is equal to the
0

Dirichlet's function

()= Zni (16)

n=1
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However, formula (1a) for £(S)is valid for allS.In fact, since the integral in (1a) clearly
converges for all values of S, real or complex, and since the function it defines is complex analytic,
the function{(S) of (1a) is defined and analytic at all points with the possible exception of the
pointss=1,2,3,---,whereI1(—S) has poles. ForS=2,3,4,---, formula (1b) shows that(s)has no
poles, and hence the integral in (1a) must have a zero which cancels the poles of I1(—S) at these

points, a fact which also follows immediately from Cauchy's theorem. AtS=1formulas (1b) shows

that £ (S) =w as S — 1 hence £ (S)has a simple (since the pole of TT1(-S)is simple) pole S =1.Thus
formula (1a) defines a function £ (S) which is analytic at all points of the complex S— plane except

for a simple pole at$=1.This function coincides with (1b) for real values of S>1and in fact, by

analytic continuation, throughout the half plane Re § > 1.

X B B B B
Let f(X) =——— =B+ 22X+ 22X+ 22X’ 4+ X"+, (2)
e’ -1 u 2! 3 n!
. X . X . 1 .
where B, =lim =lim =lim ——————=1and the series
x>0 ¥ 1 x>0 X2 X3 X—0 X X2
I+ Xx+—+—+----1 I+ —+—+---
2 3 21 3

converges on the disk D | X|< 27. Moreover, the element {D, f (x)}has singular point at

X =+27i,since lim

X—>+27i ex -1

=, and hence (2) has radius of convergence 27.

X X

Then f(-X)=—=—2° X ‘1yic27
e -1 (e"-1e" e'-1
:BO—Ex+ix2—Ex3+~~+(—1)”&x”+~--. (3)
TR TR n!

(replacing X by (—X) in (2)). Subtracting (3) from (2) gives

X xe'  -x(Ee'-1)_
e'-1 -1 e'-1

fX¥)-f(=x)=
B B B
=2 Lx4+2 233 o g2 2Ly (4)
il 3 (2n+1)!
Equating the coefficients of the like terms one obtains,

2B, =-1B,=B;=---=B,,,, =---=0.

110 I Published By Atlas Publishing, LP (www.atlas-publishing.org)




0

Consequently, f(X) = = —g Z X", | x|< 27. (5)
e

1

ix —ix 2ix :
One can write, COt X = C_OSX =i e. +e_. =i ez. 1 =i+ 2.2| is analytic for | X |< 7 and then
sinx e"—-e™ e™-1 e -1
XCOt X =iX + 2Ix +1 2Ix i 2n_(2ix)*" = 1+Z( 1) ?" (replacing X by 2Xi
= . -— = i
-1 2 () 7 (@n )' PEeme T
in (5)).
) 2n
= cot X . z (-D" 2" By yona (6)
X (2n)!

Again, one can write [6],

cotx—lzi( 1 + 1 ),|X|<7r. (7)
k=

X =\ x=kr x+kx
1 1 0 Xm w0 ) 2n—1
H , + ==y — 4 1 = x|< kr. 8
M N Tkr x+kz & (km)™ Z;( ) (kr )“”1 Z; X )

1 1
The coefficients of even powers of X in the Taylor series of COt X —— vanish, since COt X ——is an
X X

odd function. The coefficients of X*"'in (8) can be written as

2 &1
_22 (kﬂ,)Zn __”Zn ;F

That converts (7) to

cotx—%:i[— 22n ik%”} x>, (9)
n=1

Comparing (6) and (?) one can write,

2 & 1 X 29"B,,
ZnZ 2n ' :
72" &k (2n)!
) 1 (Zﬂ)Zn
= £(2n) = = (- B, 10
g( n§:1k2” (-1 20 (10)

which had been found by Euler [3].

In [5], Corollary 1.2, the following relationship has been established

2n

2
S =5

17r2“a0(n), n=123,---. (11)
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where @,is a rational number (not fixed) that depends on N. Equating (10) and (11) and solving for

a,(Nn), one can show,

n+1 22n 1

(M =150 e,

(12)

This establishes the relationship between B, and a,(n).

Proof of Corollary 1.2:

The Riemann zeta can be written as

2 & 1
éV(n):2”—1jz,.Z(,(zjﬁul)”'

Replacing N by 2nin the above relation and using the first part of the Corollary1.1 which is given
by

2 o (2n +1)2k =37

n=0

one can prove the Corollary 1.2.

Remark: Although, in establishing the Theorem 1.1 in [5], especially, the first equation of (10) in

[5], the numbers an,nZO,have been utilized, for a given value of n,all the numbers
a,, a, ,, -, are already known and only aj;needs to be computed. Moreover, only a,plays a

significant role in computing the values of the Riemann zeta function at the even positive integers.

Examples: 1.For n=1, ao(l)—i 1=%, (Bz=£}

226 6
2. For n=2, a,(2) = (-1) . —ij=i, B4=—ij.
224\ 30) % 30
_1(1) 1 1
3.Forn=3a,(3) =" —|=—, B, =—|
°r %®)=%% (42) 960 (6 42)

Using the relation in (12) one can restate the first part of the Corollary 1.1 and Corollary 1.2 in
[5] respectively as:
- 1

22" 1
Corollary 1.1.For n>1, Y —— =a (n)z?" = (-)"* "B, .
orollary or kz(Zk 7 o(n) (-1 202n)! 2n
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2n 2n
2 n+l 2 1 2n

Corollary 1.2. For n>1, §(2n)— 7r "a,(n) =(-1) 2(2 )I on-
3. Relation Between E, and b,
Derivation of
£ _1\k 2n+l
ZL =(-)"——— d (n=0,1,2,---), where E, are the Euler’s

— (2k+1)2n+l 4n+1(2 )l 2n’

numbers.

The function

T
Secx = is analytic for | X |< 5 and therefore SeCXhas Maclaurin series

COS X

representation
SECX =C, +CX+CX* ++--+C X" +---

Since SECXis an even function, all the coefficients of odd powers of X vanish, and hence

SeCX = 2 4 2

1_5.}.]_... ( )ﬂ

=Cy+C, X +C, X 0y X e,

where C,, =(-1)"—2 and E, are the Euler’s numbers. Then

()'

secx = Z( 1)" 2 (2 )| ,|x|<%. (13)
n=0

It can be shown [6] that SEC X has the partial fraction decomposition

secx = i(—l)k (2k=D)m

2
—(k—l) n
2

= z fk (X), where
k=1
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f,00 = (- -
X_

_ _(_1)k i x™ s (_1)m X"

Qe 1
= 2(-1) 12);—r+1 |x|<(k—5j7r. (14)

2_1kl 22n+1 _1kl
The coefficients X*"can be written as series % = 2(—] G (n=012,--).

{( 1 T Qk _lzn+l
k —2)72'

_w 22n+lw (1)k 7 N .
secx—g(;[Z(;) Z(Zk +1)2n+1 (|x|<5). (15)

k

It follows that

In (15) the index (K —1) has been replaced by k. Comparing (13) and (15) one can, after some

simplification, write

) ( 1) B . 7z_2n+1 B
kZ(Zk 1y (-1 WEZW (n=0,1,2,--). (16)

Euler predicted such a formula and he calculated the sum of the series forn=1in 1774 [1, 4, 71.

The second part of the Corollary 1.1 in [5] has the relation

0 ( 1) T 2n n e 2n-2i+1
Z(2k+1)2”+1 2n7T E +Zb2n—2i+1” E (n:O,]_,z,...)_ (17)

k=0 i=1

Equating (16) and (17) one can write,

2n 2n-2i+l 2n+1
T n T
b2n7z-( 2) +Zlb2n 2|+17z- (2) = (_1) 4n+l (2 )I 2n7 (n O l 2 ) (] 8)

This establishes the relationship between B, andb,.

Proof of Corollary 1.1:
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T
One can easily prove the part of the Corollary 1.1 by simply substituting @ = Ein the first and
the second part of the Theorem 1.1 below and using the relation

i sin(2n +1)0 T (18a)

' onyl 4

Here forn = 0,1 the equality of two sides of (18) has been shown.

T T T 1
Forn=0, tion (18) is satisfied:bjz = —Ey=>— == | by ==, E, =1|
or equation (18) is satisfied: D, i ity (0 e j

Similarly, n =1, the two sides of (18) become equal.

p 7 °E
Z b, +—b =(-)==2
R
7zl 1\ »° 1] 7zl [ 1 1 ]
=2 S+ 2= (-DE(-D) |b,=-=, b,==,E, =1
4[8) 2(8 ()32() ? 8b18 2
.z
2 R

Using the relation in (18), the second part of the Corollary 1.1 in [5] can be restated as:

© k 2n n 2n-2i+1
Corollary1.1. Forn >1, Zﬁ = bZn”(%j +Z:b2n_2i+1712i [%) (n=0,12,---), where
+ i-1

2n pu 2n-2i+1 7[2n+1
bzn”(zj +Zlb2n 21170 (2) = (-1 WEZN (n=0,1,2,---).

Finally, the Theorem 1.1. in [5] is restated here:

Theorem 1.1. For kK >0,

cos(2n +1)0 2K-1 2 g2
= 77 TO" T+ E a o and
(2n+1)2k 2k 1 — 2k— 2|

sin(2n+1)@ R 2k-2i+1
— 7 —b, 10+ E D, i 0 :
. (2n+1)2k+l 2k — 2k—2i+1

(19)

Mo MM

where the rational numbers @, and b, are expressed in term of B, and E, respectively in (12)

and (18).

Proof of Theorem 1.1:
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Here Mathematical Induction is being used for the proof of this theorem. Fork =1and 6 =0, the

first statement of Theorem 1.1 is true since

5 cos@n+10 cos(2n+1)0 _az0+ar, [ao :l)

~  (2n+1)? 8
1 1 )
=1? +—+— +:-=—7" which is a well known result.
3 5 8

It is assumed that it is true for K =T, whereris a positive integer. Then

cos(2n +1)6?
(2n+1)*

[M]s

2',_1 02?’—1 +Za2r )i 2I92I’ 2I (20)

I
o

n

The proof would be over in one can show that above statement is true for K=r+1 thatis,

- cos(2n+1)6 P oo
ZW=%M92 1+Za2r—2i+2 7oA, (21)
n=0 i=1

Integration of (20) with respect to & provides

i sin(2n+1)6@ o a, 20 + Zr: Ay Y

22
~ (2n+1)** 2r = (2r-2i+1) (22
Substitution of @ = Oshows that C = 0, which turns (22) into
Z sin(2n +2]r-)16 _ By 207 +Z a2r_.2i 22 g (23)
= (2n+D" 2r = (2r-2i+1)
Integration of (23) with respect to @ produces the equation
_ Z cos(2n "‘21229 o= Ay 207 4 z _ Ayr_2i _ e (24)
= (2n+D)” 2r(2r +1) = (2r-2i+1)(2r-2i+2)

Setting @ =0gives C= Z

2(r+1) . .
T after repeated integration of (18a). Then (24
- (2n +1)2(r+1) aO p g ( ) ( )

becomes
i cos(2n+1)0 — g2 _ A Zr: Ar o 72 F2e2. (25)
“~ (2n+1¥+2 7 2r(2r +1) ~ (2r —2i+1)(2r —2i+2)
Combining the first term of the right side of (25) with the summation term and writing
a
., =———2L— results in
2r(2r +1)
o cos(2n +1)‘9 2rl | O 2i par-2i+2
TOTT+ ) Ay i, O . 26
nZ:(; (2n+1)2(r+1) 2r+1 Z—ll 2r-2i+2 ( )
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This establishes the first part of Theorem 1.1. Following the same technique as in the proof of the

above, one can prove the second part of it.
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