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Abstract

This paper is an extension of a recent work done by the author [4] and here the sums of
alternating series of odd powers (up to fifteen) of the reciprocals of odd positive integers are
computed. Following this method, the sum of the series of any higher power could be
calculated. In the process of computing these sums, the sums of the series of even powers of
reciprocals of odd positive integers have been reestablished and enabled the author to
compute the values of Riemann’s zeta function for even positive integers.
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To establish the claims of this paper, the author has developed the results summarized as the following lemmas,
theorems and corollaries.

Lemma 1.1.

isin(2n+1)<9_£ -

~ onyl 4

Proof: Replacing X by X% in the geometric series
1
1—:1+x+x2+x3+x4+---, | x|<1, (2)
-X

One can write

=1+ X2+ X+ x84+, X2 <] (3)
1-x?
But
00 0 1
DX = ——. (4)
n=0 1-x

Integrating both sides of (3) from O to Z, | z |< 1, one gets

-z

- Z 1 1, (1+z
> :E[In(1+ z) - In(1- z)]:zm(l—). (5)

The substitution of Z = e“g, 0 < @< 7, in(4) (by Abel’s Limit Theorem [5]) gives

(6)

icos(Zn +1)6+isin(2n+1)0 —lln 1+cos(8) +isin(6)
— 2n+1 ~ 2 (1-cos(@)—isin(8) |
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The argument of the logarithmic function on the right side of (5) can be simplified as

1+cos(8) +isin(d) 1+ cos(d) +isin(G) 1- cos(d) +isin( )
1-cos(@) —isin(0) 11— cos(d) —isin(@) 1—cos(d) +isin( )

_ 1-cos®(0) —sin? (@) +ifsin(§) + cos() sin( ) +sin( §) — cos() sin( )}
- (1—cos(8))? +sin % (6)

_sin(6) - 23|n(0/2)cos(6?/2)
 1—cos(6) 2sin2(612)

=icot(6/2). (7)

The equation (7) provides the relation arg(i cot(8/2)) = %; but In( Z) = In(| z |) +1i arg(z) [71; hence, one can

write

|n(1+—zj - % In(cot(§/2)) +i %. ®)

1
2 |1-

Now equating the imaginary parts from (6) and (8) one can get the desired result.

i sin(2n + 1)9 L

(9)
= 2n+1 4
This relation is crucial for the present work and will be used extensively.
Theorem 1.1. For K > 1, one has
cos(2n +1)9 2k-1 2i pok-2i
Z s = Ayl +Za2k 270
o (2n+1) i1
(10)
- sin(2n +1)0 K L% 2i fok-2i+l
Z o = Pam0” + ZbZk—ZiJrlﬂ- 0
o (2n+1) =0
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where forl<i<Kk, a, ;, @, i, 0, D, ., are rational numbers.

Note: The above rational numbers are not fixed constants; each of them is a function of the index k, and the
symbol &, for example, will have different values for different values of k (ag = g for K=1and a, = — for

k=2 etc.).

Proof: Mathematical Induction will be used to prove the theorem. For K =1, first the statement of the Theorem 1.1 is

true with

Zcos(2n+1)¢9_ 1 2 )

1
—=ar0 +a, 7' =——n0+=-nx
&~ (2n+1) 4 8
The rational numbers @, and @ are calculated by integrating the expression in Lemma 1.1., and by using

0=rl?2.

It is assumed that it is true for K = I', where r is a positive integer. That is,

z cc();(nZzI)zl?H —a, 7m0+ zazmi ey (12)
n=0 i=1

The proof would be over if one could show that the statement is true for K=r+1 thatis,

o €0s(2n +1)0 IR 2 p2r-2i+2
—— ———a, 70" +>»a, ., x" Q""" (13)
nZ:O (2n +1)2(r+1) 2r+1 ; 2r-2i+2

Integration of (12) with respect to (w. r. 1.) @ gives

Zsm(zn +1)6 LC = Ay 4 0¥ +Z Ay _yi 22 g2 (14)

~ (2n+12t Tt o ~ (2r —2i+1)
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Substitution of @ = O shows that Cl = 0, which turns (14) into

Zsm(zn "‘21)‘19 _ 0¥ +Z 220 gar-ai, (15)
=~ (2n+1)" 2r = (2r-2i+1)

i=1
Integration of (15) with respect to & produces the equation

_ZCOS(Zn "‘21);9 +C, = Qo1 s +Z _ Aor_2i _ 72 g2
=~ (2n+1)*" 2r(2r +1) = @2r-2i+)(2r-2i+2)

. (16)

< 1
Substituting @ = Qin (16), one can show that C2 = ZW = aoﬂ'z(Hl) by repeated integration of (9).
- n+
n=0

Then (16) becomes

i cos(2n+1)0 P Ay 7 ¥ _Zr: Ayr_yi 2 9222 (17)
~ (2n+1¥2 7° 2r(2r +1) ~(2r —2i +1)(2r —2i + 2)
a
Combining the first term of the right side of (17) with the summation term and writing @,,.; = — 2L results
2r(2r +1)

in

- cos(2n +1)0 2l O 2i por-2is2

nzz(; (2n+1)%D =8, 07+ ZaZr—ZHZ 7= 0 . (18)

i=1

This establishes the first part of Theorem 1.1. Following the same technique as in the proof of the first part of Theorem

1.1., one can prove the second part of it.

Corollary 1.1. For K >1, one has

S o

(2n+1)2k B
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© (_1)n 2k K 2k-2i+1
and Z;‘(Zn+1 2k+1= 2k ( j + szk 217 (2) :

i=1

One can easily prove Corollary 1.1 by substituting 0=0 and O E, respectively, in the first and second part of

Theorem 1.1, and using Lemma 1.1

Using the second equation of Corollary 1.1., and Lemma 1.1., results in the following

1-—+——=+ =z (19)
4
SN S S 20
33?5 3R
111 15 o
1° 3° 5 7° 1536
1 1 __8 (22)
1’ 3" 5 77 184320~
11,11 23
1° 3% 5° 79 8257563 =
1 1 . 1 1 50521 ey 24
R S A 1486356480 0
1 1 . 1 1 B 540553 1 25)
R S S A 1569592442 880
1 1 . 1 1 e 199360981 s 26)
1 3 g5 7S 5713316492 083200
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Equation (19) is known as the Leibniz Formula for 77 [8] and the relation (20) was produced by Euler in 1774 [1, 3,

6].

Continuing the above process, one can compute the sum of the series of any power of the reciprocals of odd positive
integers. However, as the exponents get larger and larger, the sum gets closer and closer to 1. One can see it from

(26), where the exponent is only 15; the sum is approximately equal to 0.9999999303, which is close to 1 and for

this reason, the author will stop here.

As a byproduct of this work, knowing the values of the sum of the series of the even powers of the reciprocals of
the odd positives integers from Corollary 1.1., one can easily compute the values of Riemann’s zeta function [2] at

even positive integers. To this end, one needs the following results written as lemma and corollary.

Lemma 1.2. Riemann’s zeta function
=1
¢g(n)= ZI_”
i=1

can be rewritten as

2" & 1
éV(n)_2"—1,2_:;(21'+1)"'

11 1 1 1 1
Proof: g(n)=—+—+—+_+_+_+...
1" 2" 3" 4" 5" 6"

1 1 1 1 1 1 1 1

Sl —t—F—+ | | —F—+
1n 3!’1 5n 7!’1 2n 4n 6n 8n
1 1 1 1 11 1 1 1

=l —+—F—+ |t — |+ —F—F—+
‘:1n 3n 5I’1 7I’1 :| 2I’1 |:1I'1 2!’1 3n 4n :|

1 1 1 1 1 1 1|1 1 1 1
=+ ||+ 4
2n 1n 3!’1 5n 7n 2n 2n 1n 2n 3n 4n
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1 1 1 {1 1 1 1 }
= 1+_n+T+T+”. . —n+—n+—n+—n+"'
2" (2")? (2" 1" 3 5 7

1

Note that the first series on the right side is a geometric series with common ratio e

= ¢(m)=

1 3" 5" 7°

2" [1 1 1 1 } 2" & 1
. ces | = - (27)
2" -1 2" 15 (2j+1)"

Corollary 1.2.

2n

2
£(2n) = P 1a07z2"
Replacing n by 2n in Lemma 1.2., and using the first part of Corollary 1.1., one can prove Corollary 1.2.
Using Corollary 1.2., one can compute the values of Riemann’s zeta function at even positive integers as illustrated in

the following examples:

4 7° 7’
5(2)=§‘?=?- (28)
16 ¢
H=—" =2 29
c@ 15 9% 90 (29)
64 1 °
6)=— . — g% ="_, 30
‘0= w0 " (30)

8
(O =20 =
255 161280 9450

(31)

1024 31 10 _ ™
1023 2903040 93555

£(10)=

(32)
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2* 691 12 691 12

— ztt = T (33)
-1 638668800 638512875

~4(12)=2

o1 5461 » 10922 "

12 : T =———— 7 (34)
-1 4981616640 0 9962625172 5

5(14)=2
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