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Abstract 

  
We consider the existence and uniqueness of Weighted Pseudo almost automorphic solutions 

to the non-autonomous semilinear differential equation in a Banach space X   :  

 ( ) = ( ) ( ) ( , ( )),'u t A t u t f t u t t R  

where ( ), ,A t t R  generates an exponentially stable evolution family { ( , )}U t s  and 

:f X XR  satisfies a Lipschitz condition with respect to the second argument. 
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1. Introduction 
 

Bochner introduced the concept of almost automorphic functions in his papers ([3]-[5]) in 
relation to some aspects of differential geometry. This concept became a generalization of almost 
periodicity which is one of the most attractive topics in the qualitative theory of differential 
equations because of its significance and applications in physics, mathematical biology, control 
theory, and other related fields. A natural generalization of the concept of almost automorphic 
functions is the concept of pseudo almost automorphic functions which has widely been used in 
investigation of the existence of almost automorphic solutions of various kinds of evolution 
equations by many others. For more information of the latter concept, we refer the reader to [2], 
[7] and [9]. In [6] , a new class of functions called weighted pseudo almost automorphic functions 
was introduced, which generalize in a natural fashion weighted pseudo almost periodic functions 
due to T. Diagana, and moreover, pseudo almost automorphic functions due to J. Liang, J. Zhang 
and T.J. Xiao. 
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In this paper we study the existence and uniqueness of weighted pseudo almost automorphic 

solutions to the following non-autonomous semilinear differential equation in a Banach space X  : 
 

 ( ) = ( ) ( ) ( , ( )),'u t A t u t f t u t t R        

 

where ( , )U t s  generated by ( ),A t  is exponentially stable and :f X XR   is a weighted 

pseudo almost automorphic function which satisfies a Lipschitz condition with respect to the second 
argument. 

 

2. Preliminaries 
 

Definition 2.1 ( )i  A continuous function :f XR  is said to be almost automorphic ( in 

Bochner's sense ) if for every sequence of real numbers { },'

ns  there exists a subsequence { }ns  such 

that  

 ( ) := ( )lim n
n

g t f t s  

 is well defined for each t R , and  

 ( ) = ( )lim n
n

g t s f t  

 for each t R . ( , )AA XR  stands for the set of all such functions. 

( )ii  A continuous function :f X XR  is said to be almost automorphic if ( , )f t x  is 

almost automorphic in t R  uniformly for all x  in any bounded subsets of X . ( , )AA X XR  is 

the set of all such functions. 

( )iii  A continuous function :f XR  (resp. :f X XR  ) is said to be pseudo almost 

automorphic if it can be decomposed as =f g  where ( , )g AA XR  (resp. ( , )AA X XR ) 

and  is bounded continuous function with vanishing mean value (resp.  is bounded continuous 

function with  

 
1

( , ) = 0lim
2

T

TT

x d
T

P P  

 uniformly for all x  in any bounded subsets of X  ). Denote by ( , )PAA XR  (resp. 

( , )PAA X XR ) the set of all such functions.  

 

Note that 
0( ( , ), )PAA XR P P  turns out to be a Banach space, where 

0P P  is the supremum 

norm, see [10, Theorem 2.2]. 

Throughout this paper, X  stands for a Banach space with norm P P . We denote by 

( , )C XR  the Banach space of all continuous functions from R  to X . Similarly, ( , )BC XR  is the 

Banach space of all bounded continuous functions from R  to X . Note that ( ( , ), )BC XR P P  is a 

Banach space with the sup norm P P . 

Note that ( ( ), )AA X P P  turns out to be a Banach space. 

 Now like in [8], let U  denote the collection of functions (weights) : (0, )R  , which 

are locally integrable over R  such that  > 0  almost everywhere. 

For a given > 0r  , set  ( , ) := ( )
r

r
r x dx   for  each U  . 
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Define  := { : lim ( , ) = }
r

U U r  

and  :={ :bU U  is bounded and inf ( ) > 0}.
x

x
R

 

Note that .bU U U  

 For U , define 

0

1
( , ) := ( , ) : lim ( ) ( ) = 0 .

( , )

r

rr
PAA f BC X f s s ds

r
R R  

In a similar manner, we define 
0( , ).PAA XR  

 The sets ( , )WPAA R  and ( , )WPAA XR  of weighted pseudo almost automorphic 

functions are defined as: 

 
0

= ( , ) :
( , ) := ;

( , )and ( , )

f g BC X
WPAA

g AA X PAA

R
R

R R
 

0

= ( , ) :
( , ) := .

( , )and ( , )

f g BC X X
WPAA X

g AA X X PAA X

R
R

R R
 

 
We recall the following results: 
 
Theorem 2.2 [6] : The decomposition of a weighted pseudo almost automorphic function is 

unique for any .bU    

 

Theorem 2.3 [6] : If ,bU  then ( ( , ), . )WPAA R  is a Banach space.  

We make the following assumptions 

H1. ( , )f t x  is uniformly continuous in any bounded subset K X   uniformly in t R  . 

H2. ( , )g t x  is uniformly continuous in any bounded subset K X  uniformly in t R  .  

 
 Let us recall Theorem 2.4 from [9] : 
 

Theorem 2.4 Let = ( , )f g PAA X XR  where 

0( , ) ( , ), ( , ) ( , )g t u AA X X t u AA X XR R  such that H1 and H2 are satisfied. If 

( ) ( , ),u t PAA XR  then ( , ( )) ( , ).f u PAA XR  

 
Moreover, we have [6, Theorem 2.10] :  

Theorem 2.5 Let = ( , )f g WPAA R  where U  and assume that H1 and H2 are 

satisfied. If ( , ),u WPAA R  then ( , ( )) ( , ).f u WPAA R   

 

Corollary 2.6 Let = ( , )f g WPAA R  where U  and assume both f  and g  are 

Lipschitzian in x X  uniformly in t R . If ( , ),u WPAA R  then ( , ( )) ( , ).f u WPAA R   

 

In this paper we assume that { ( )}tA t R
 satisfies the `Acquistapace-Terreni' conditions 

introduced in ([1]), that is, 
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  H3.  there exist constants 0 0, ( , ), , 0,
2

L K  and , (0,1]  with > 1 

such that  

 
0 0{0} ( ( ) ), ( , ( ) )

1 | |

K
A t R A tP P  

 and  

 0 0 0 0( ( ) ) ( , ( ) )[ ( , ( )) ( , ( ))] | | | |A t R A t R A t R A s L t sP P  

 for , , :={ \{0}:| arg | }.t s R C   

 
 
Remark :  If the condition (H3) holds, then there exists a unique evolution family 

< <{ ( , )} s tU t s  on X , which satisfies the homogenous equation ( ) = ( ) ( ),u t A t u t t R .  

 

3. Main Results 
 
Consider 

 ( ) = ( ) ( ) ( , ( )),'u t A t u t f t u t t R  (1) 

 

Definition 3.1 A mild solution to (1) is a continuous function ( ) :u t XR  satisfying  

 ( ) = ( , ) ( ) ( , ) ( , ( ))
t

a
u t U t a u a U t s f s u s ds  (2) 

 for all t a  and all a R .  

 
In the proof of the following theorem we follow the same reasoning as in the proof of 

Theorem 3.3 in [10] with the proper modification . 
 

Theorem 3.2  Suppose that the evolution family ( , )U t s  generated by ( )A t  is exponentially 

stable, that is, there are constants , > 0K  such that 
( )( , ) t sU t s KeP P  for all .t s  and 

= ( , )f g WPAA XR  , 
bU  , satisfies  

 ( , ) ( , ) ff t u f t v L u vP P P P 

 ( , ) ( , ) gg t u g t v L u vP P P P 

t R  and ,u v X  for <L
K

. Then the equation (1) has a unique weighted pseudo almost 

automorphic mild solution.  
 
 Proof.  

Consider the nonlinear operator F  given by 

 

 ( )( ) = ( , ) ( , ( )) .
t

u t U t s f s u s dsF u  
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If ( ) ( , )u s WPAA XR , then corollary 2.11 in [6] gives that ( , ( )) ( , )f s u s WPAA XR . 

i.e., there exist ( , )g AA XR  and a bounded continuous function  with vanishing mean value, 

such that =f g . Therefore ( )( )u tF  can be expressed as ( )( ) = ( ) ( )u t G t tF , where 

 

 ( ) = ( , ) ( , ( )) .
t

G t U t s g s u s ds  

 
 

 ( ) = ( , ) ( , ( )) .
t

t U t s s u s ds  

 

From the proof of N'Guerekata [[11], Theorem 3.2], it follows that ( )t G t  is almost 

automorphic. 

Next, we show that ( )t  is a bounded continuous function with vanishing mean value. 

Since ( )t  is bounded on R  , we have := ( ) < .sup
t

M t
R
P P  For any [ , ]T t t , we get  

 
2

( , ) ( )
T T

T

MK
U t s s dsdtP P  

On the other hand,  

 ( , ) ( ) ( )
T t T

T T T

K
U t s s dsdt s dsP P P P  

By the above two equations, we get  

 ( , ) ( ) = 0lim
T t

TT

U t s s dsdtP P  

Thus, ( )t  is a bounded continuous function with vanishing mean value. Therefore, 

( )( ) = ( ) ( )u t G t tF  is a weighted pseudo almost automorphic function on R . That is, 

( ( , )) ( , )WPAA WPAAR RF  . Moreover, for every , ( , )u v WPAA R , 

 ( , ) ( , ( )) ( , ( ))]sup
t

t

u v U t s f s u s f s v s ds
R

P P P PF F  

 

 
LK

u vP P 

Thus F  is a contraction on ( , )WPAA R  . Therefore, by the contraction mapping theorem F  has 

a unique fixed point ( ) ( , )u t WPAA R  since ( , )WPAA R  is complete. The fixed point satisfies 

the integral equation  

 ( ) = ( , ) ( , ( )) ,
t

u t U t s f s u s ds  

for all t R . Fixing a R , we have  

 ( ) = ( , ) ( , ( )) ,
a

u a U a s f s u s ds  

Since ( , ) = ( , ) ( , ), < <U t s U t a U a s for s a t , it follows that ( )u t  satisfies (2). Hence 

( )u t  is a mild solution to (1). 

On the other hand, let ( )v t  be a weighted pseudo almost automorphic mild solution to (1). 

Then ( )v t  satisfies the equation (2), with u  replaced by v . Letting a  yields  
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 ( ) = ( , ) ( , ( )) ,
t

v t U t s f s v s ds t R  

 Since ( )v t  is bounded on R  and ( , )U t s  is exponentially stable. Hence ( ) ( )u t v t  on R . i.e., 

( )u t  is the unique mild solution to (1). 

 

Corollary 3.3 Suppose that the 
0C  - semigroup ( )T t  generated by A  is exponentially 

stable, that is, there are constants , > 0K  such that ( ) tT t KeP P  for all 0.t  and 

= ( , )f g WPAA XR  , 
bU  , satisfies  

 ( , ) ( , ) ff t u f t v L u vP P P P 

 ( , ) ( , ) gg t u g t v L u vP P P P 

t R  and ,u v X  for <L
K

. Then the equation  

 ( ) = ( ) ( , ( )),'u t Au t f t u t t R  (3) 

has a unique weighted pseudo almost automorphic mild solution.  
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