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Abstract 
 
It was proved by Galois that there are no formulas that can be 
used to solve “by radicals” general equations of degree 5 or 
larger. In this paper we solved the general pentagonal equation 
under certain conditions. We used the “Quartic Formula” and 
unipodal numbers respectively for condition 1 and conditions 2 
to solve the general pentagonal equation. The unipodal case 
was elaborated with a detailed example. 
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1. Introduction 

Mathematicians tried over the ages to have formulas to solve polynomial equations. The fruits of 

their efforts are the Quadratic Formula, and formulas to solve the general cubic equation known 

as the “Cubic Formula” (Procissi, 1951) and the general quartic equation known as the “Quartic 

Formula” (Candido, 1941). There are no formulae so far for solving general polynomial equations 

of degree five or higher. The French mathematician Evariste Galois (Infeld, 1978) proved that 

there are no formulae for solving general equations of degree 5 or higher. In order to solve the 

cubic and quartic equations, first of all, the given general equation is transformed into reduced 

form, and then either Cubic/Quartic Formula or unipodal numbers (Hestenes et al.,1991, Sobczyk, 

1995) are used to get the solutions. For pentagonal equation, we used the Quartic Formula and 

the unipodal numbers. 

In section 2, we gave an overview of unipodal numbers. We solved pentagonal equation with an 

example in section 3 and the references cited were in the section 4. 

2. The Unipodal Number System 

A unipodal number w in the standard basis },1{ u has the form ,10 uwww where 12u but 

,1u and ,0w  
1w are complex numbers. The basis },{ uu defined by  

                                              uu 1
2

1
 and ,1

2

1
uu                                         (1) 

and satisfies 1uu and ,uuu is known as the idempotent basis, because  

uu
2

and .
2

uu One other property of },{ uu is that they mutually annihilating, i.e., 

.0uu Using the idempotent basis, we can write  

 ,)( uwuwuuww where 10 www and .10 www                         (2) 

We can also recover the coordinates of the standard basis by 

                                            www
2

1
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2

1
1 www                                           

(3) 

It is noted that the idempotent basis makes calculation simple and the binomial theorem under this 

basis becomes extremely simple as we see below: 

                       uwuwuwuwuwuw
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(4) 

The relation defined in (4) is valid for any real n. Because of (4) we can extend the definitions of 

all of the elementary functions in the complex plane to the elementary functions in the unipodal 

plane. If )(wf is such a function for ,uwuww we define 

                                             uwfuwfwf )()()(                                                             

(5) 

provided that )(wf  and )(wf are defined. The basic unipodal equation rw n
can easily be 

solved using the idempotent basis, with the help of equation (10). Writing uwuww and 

,ururr we have  

                                             ,ururuwuww
nnn

                                                

(6) 

So rw
n

 and rw
n

. It follows that jnrw /1|| and karw /1|| for some integers 

,1,0 nkj where a is a primitive nth root of unity. 

This proves the following theorem. 

Theorem 1. For any positive integer ,n  the unipodal equation rw n
has 

2n solutions 

                                               ururw
nknj /1/1

 

for ,1...,,1,0, nkj where )./2exp( ni  

The number of roots to the equation rw n
can be reduced by adding constraints. The following 

corollary follows immediately from the theorem, by noting that ,0ww  is equivalent to 

./ ww  

Corollary 1.The unipodal equation ,rwn  subject to the constraint ,ww  for a nonzero 

complex number ,  has the n solutions 
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urw
nj

nj
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,1...,,1,0 nj where ),/2exp( ni and 
n

r
/1

denotes any nth root of the complex number 

.r  
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3. Solutions to Pentagonal Equation 

Let us consider the general pentagonal equation 

                          )0(.05 2345 afxexdxcxbxa                                     (7) 

By substitution of 
a

b
yx in (7), we obtain 
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b
ya                     (8)           

Expanding and simplifying we obtain the reduced pentagonal equation           
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From equation (9), we observe that if the constant term     

                                       ,0
4

4

433225

a

fabeacabdbab
                                             

(10) 

which we call the first condition, the reduced pentagonal equation takes the form 

                                                   ,0235 DyCyByAy                                                       

(11) 

that can be factored as ,0)( 24 DCyByAyy and it provides us with either 0y or 

                                                ,024 DCyByAy                                                              

(12) 

that is a quartic equation and can be solved by using the Quartic Formula.  

If we impose condition that the coefficient of the quadratic term in equation (9) is zero, i.e. 
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                                       03200
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(13) 

which we call the second condition, the equation (9) terns into the form 

                                                                    ,035 DyCyByA                                      

(14) 

that is a reduced pentagonal equation of having odd powers of .y We solve the equation of the 

type in (14) by using the unipodal numbers. 

 

Theorem 2. The reduced pentagonal equation 05 35 cxbxax has the solutions, for 

,4,3,2,1,0j  

                                                           ,
2

1
5

5

tsj

j tsx                                            

(15) 

where )5/2exp( i is a primitive 5th root of unity, ,4a  ,
16

5 2b  ,16cs  and 

.416 5252 acst  

Proof. The unipodal equation ,5 rw where ,utsr is equivalent in the standard basis to 

,)( 5 tusyux  or .)105()510( 53244235 utsuyyxyxxyyxx Equating the 

complex scalar parts we have 

                                .0510 4235 sxyyxx                                                                          

(16) 

                       .0)2)((5)(1016 222222235 sxxyxyxyxxx                           

(17) 

Now substituting 
22 yx in (17), we obtain 

                                      .0)2)((51016 235 sxxxx  
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                                          .0
16

1

16
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1
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(18) 

The constraint ww further implies that  

                                       
,225555 tsrrwwww  

which gives .52st  By letting ,4a  
2

16

5
b and  ,16 cs  so ,416 52 act  

equation (18) becomes the reduced pentagonal equation .05 35 cxbxax  Since 

,tsr the desired solution (15) is obtained by taking the complex scalar part of the solution 

given in the Corollary 1, using (3). 

Example 1. Find the solution of the reduced pentagonal equation .042010 35 xxx  

Solution. Here ,6416,8,4,30,2 cscba and .764 it  Then  

)615.0exp(2)71(6476464 2/15 iits and it implies ).123.0exp(2 2/35 its  

Using equation (21), we can write 

                
j

j

i
ix

)123.0exp(2
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                              ,)123.0exp()123.0exp(2 2/1 jj ii  for .4,3,2,1,0j  

 

I. For ,0j  .619875175.2)123.0cos(22)123.0exp()123.0exp(2 2/12/1 iix  

II. For ,1j  

       )5/2exp()123.0exp()5/2exp()123.0exp(2 2/1 iiiix        

          )5/2123.0cos(22)5/2123.0(exp())5/2123.0exp((2 2/12/1 ii  

               .204194823.0  

III. For ,2j  

)5/4exp()123.0exp()5/4exp()123.0exp(2 2/1 iiiix  
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                  )5/4123.0cos(22)5/4123.0(exp())5/4123.0exp((2 2/12/1 ii  

                   746074516.2  

IV. For ,3j  

        )5/6exp()123.0exp()5/6exp()123.0exp(2 2/1 iiiix  

                     )5/6123.0cos(22)5/6123.0(exp())5/6123.0exp((2 2/12/1 ii  

           .4929955855.1  

V. For ,4j  

        )5/8exp()123.0exp()5/8exp()123.0exp(2 2/1 iiiix  

                     )5/8123.0cos(22)5/8123.0(exp())5/8123.0exp((2 2/12/1 ii  

           .823366727.1  
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